Abstract. Let I J be two monomial ideals of a polynomial algebra over a field generated in degree ≥ d, resp. ≥ d + 1 . We study when the Stanley Conjecture holds for I/J using the recent result of [6] concerning the polarization.
Introduction
Let K be a field and S = K[x 1 , . . . , x n ] be the polynomial K-algebra in n variables. Let I J be two monomial ideals of S and suppose that I is generated by monomials of degrees ≥ d for some positive integer d. Using a multigraded isomorphism we may assume either that J = 0, or J is generated in degrees ≥ d+ 1.
If I, J are squarefree monomial ideals then d is a lower bound of depth S I/J by [3, Proposition 3.1] (see also [15, Lemma 1.1] ). Proposition 2 gives a lower bound of depth S I/J in terms of degrees also in the case when I, J are not squarefree using the polarization and the so called the canonical form of I/J (see [10] ).
A Stanley decomposition of a multigraded S-module M is a finite family D = (S l , u l ) l∈L in which u l are homogeneous elements of M and S l are multigraded K−algebra retract of S for all l ∈ L such that S l ∩Ann S u l = 0 and M = l∈L S l u l as a multigraded K−vector space. The Depth and Stanley depth behave in a different way for instance depth S (M ⊕ M ′ ) = min{depth S M, depth S M ′ } while for sdepth it can happen sdepth S (M ⊕ M ′ ) > min{sdepth S M, sdepth S M ′ } sometimes as seen in [5, Examples 14, 16] with the help of [9] . These results were obtained using the so called the Hilbert depth (see [1] , [23] ). The same notion is important also in other properties of depth and Stanley depth (see [21, Proposition 2.4] ).
An upper bound for depth S M could be given by the following conjecture.
It will be very nice if this conjecture holds for M = I/J. Recently Ichim, Katthän and Moyano-Fernández proved that Stanley's Conjecture holds for all factors I/J as above if and only if it holds for their polarizations [6, Theorem 4.3] . Thus we may restrict to the case when I, J are squarefree monomial ideals. Unfortunately, there are few results in this case in spite of the many papers appeared on this subject (see [3] , [12] , [13] , [7] , [14] , [2] , [15] ). It is the purpose of our paper to study what
The support from grant PN-II-RU-TE-2012-3-0161 of Romanian Ministry of Education, Research and Innovation are gratefully acknowledged.
these few results say in the non squarefree case using [6, Theorem 4.3] . We use here the lower bound given by Proposition 2 (see Theorems 5, 6 and Proposition 4).
A particular case of this conjecture is the following one.
Conjecture 2. Suppose that I ⊂ S is minimally generated by some squarefree monomials f 1 , . . . , f r of degrees d, and a set E of squarefree monomials of degree
This conjecture is studied in [17] , [18] , [19] , [11] , [16] when r ≤ 4 and some cases when r = 5 (see Theorems 3, 4) . Proposition 3 proves Conjecture 2 also when r = 6 but d = 1 and E = ∅.
A lower bound of depth and Stanley depth
Let S = K[x 1 , . . . , x n−1 ] be the polynomial K-algebra over a field K and J I ⊂ R two monomial ideals. Denote by G(I), respectively G(J), the minimal monomial system of generators of I, respectively J.
A very important result concerning the Stanley depth is given by [6, Corollary 4.4] and we recall it below. ). Note that e 1 = 10, e 2 = 4, e 3 = 5 and e I = 16. Remark 1. In the above example Proposition 1 gives depth S I ≥ −4 which is obvious. This situation will be next improved considering the so called the canonical form of I given by [10] .
We recall some definitions and results from [10] . ∤ u. We say that I/J is of type (k 1 , . . . , k s ) with respect to x n if x ki n are all the powers of x n which enter in a monomial of G(I) ∪ G(J) for i ∈ [s] and 1 ≤ k 1 < . . . < k s . I/J is in the canonical form with respect to x n if I/J is of type (1, . . . , s) for some s ∈ N and we say that I/J is the canonical form if it is in the canonical form with respect to all variables x 1 , . . . , x n . Using the terminology defined above we get a better lower bound for sdepth and depth as in Proposition 1. Remark 3. This lower bound is easy to describe but it is not the best known lower bound. For example, when J = 0 then a better lower bound is given by 1 + size(I) in the terminology of [8] , [4] . More precisely, if n = 3, x 3 ) then size(I) = 1 and t I = d I since I is squarefree. Thus 1 + size(I) > t I .
Remark 4.
In Example 1 note that I is of type (3, 10) with respect to x 1 , of type (2, 4) with respect to x 2 and of type (5) with respect to x 3 . Then the canonical form of I is I ′ = (x 1 x 2 2 x 3 , x 2 1 x 2 ). Note that I is generated by monomials of degrees 12 but in I ′ one generator has degree 4 and the other 3. Clearly, e I ′ = 2, d I ′ = 3 and so the index t I of I is 1. Thus Proposition 2 says that depth S I ≥ 1, which is also trivial but anyway better than what follows from Proposition 1 (see Remark 1).
Stanley depth of monomial ideals which are not necessarily squarefree
Suppose that I is minimally generated by some squarefree monomials f 1 , . . . , f r of degrees d for some d ∈ N and a set of squarefree monomials E of degree ≥ d + 1. Let B be the set of the squarefree monomials of degrees d + 1 of I \ J.
We start recalling two results of [16] (see also [19] and [11] ). 
For simplicity we denote t = t I/J , that is the index of I/J. 
Proof. Let I ′ /J ′ be the canonical form of I/J. By Theorem 1 we have
Since I ′p is generated by r ′ squarefree monomials of degree d I ′ /J ′ and a set E ′p of squarefree monomials of degree d I ′ /J ′ +1 we get by Theorem 3 that depth I ′p /J ′p ≤ d I ′ /J ′ + 1. Hence depth S I/J = depth S I ′ /J ′ ≤ t + 1 by Theorem 2, that is (1) holds. The proof of (2) is the same using Theorem 4 instead Theorem 3.
Remark 5. Let I be generated by some monomials h 1 , . . . , h r of degree d and a set of monomials E of monomials of degree ≥ d + 1. It is possible that I ′ is generated by f 1 , . . . , f r ′ of degrees d I ′ /J ′ with r ′ > r and a set E ′ of monomials of degree
. Then e 1 = 1, e 2 = 2, e I/J = 1, t = 0 and
, where y 2 is the new variable from polarization. We have
Thus sdepth S I/J = 1 = t + 1. By (1) of the above theorem we get depth S I/J ≤ 1, the inequality being in fact an equality. 
Stanley depth of a factor of squarefree monomial ideals
The above theorem implies the following corollary. Proof. By [17, Proposition 1.3] we see that there exists c = x 6 x k x q ∈ J for 6 < k < q ≤ n. Let B be the set of all squarefree monomials from I \ J andĨ be the ideal generated by x 1 , . . . , The proof is similar to the proof of Theorem 5 using now Proposition 3 instead Theorem 3.
Example 4. Let n = 7, I = (x 1 , . . . , x 6 ), J = (x 2 1 , x 1 x 2 , . . . , x 1 x 5 , x 1 x 7 ). Then t = 0. The elementx 1 ∈ I/J induced by x 1 is annihilated by all variables but x 6 . It follows that sdepth S I/J ≤ 1. Thus sdepth S I/J ≤ t + 1 and so depth S I/J ≤ 1 by Proposition 4. Note that I p /J p = (x 1 , . . . , x 6 )/(x 1 y, x 1 x 2 , . . . , x 1 x 5 , x 1 x 7 ) has sdepth ≤ 2 because now the element of I p /J p induced by x 1 is annihilated by all variables but x 6 , y.
